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Exponential Sums

A non-harmonic trigonometric polynomial is an expression of the form

N
2 ay e2/7r)\k t.
k=0

We are interested in lower bounds of the L!-norm or the Besicovitch
Bl-norm of such trigonometric polynomials, where, for 1 < p < 400, the
Besicovitch By-norms are defined by

1
of = lim = d(x)|P dx.
ol = tm 3 [ o)

Those norms can be seen as a substitute to LP([—1/2,1/2])-norms to
investigate non-harmonic trigonometric polynomials.
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Littlewood Conjecture

In 1948, Littlewood tempted to ask the following question: Is it true that,
when ng < n; < --- < ny are integers

N

2| N 1/2 )
/ Ze2mnkt dtZ/ ZeZIﬂ'kt dt.

-1/2 |)=o -1/2 |15

Littlewood did not explicitly ask this question and made a safer guess.
He conjectured that, when ng < ny < --- < npy are integers, there exists
a universal constant C such that

1/2 | N 0
Ly = inf Tt de > Cln(N +1).
N n0<n1|2_”<nN/1/2 kgoe > CIn(N +1)

for some constant
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Partial results

The first non-trivial estimate was obtained by Cohen who proved that
Ly > C(InN/InIn N)Y/8,
Subsequent improvements are due to Pichorides who proved that

Ly > ClnN/(Inln N)2.
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Solutions to the conjecture

Theorem (McGehee, Pigno & Smith 1981)

For ng < m < --- < np integers and ag,

...,ay complex numbers,
/é u 2imngt d 1 u |ak|
E ae” " dt > — g
~3 k=0 30— k+1
v
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Solutions to the conjecture

Theorem (Stegeman & Yabuta 1982)

For ng < n; < --- < ny integers and ag, . .., ay complex numbers all of
modulus larger than 1

1/2
L,

N

E a e2l7""kt

k=0

4
dt > — In(N +1).
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Quadratic frequencies

Let a = (ak)k=0,...,n be a sequence of complex numbers, we write

N N
1
E[lal] = mz |akl and [|0alln = a0 + ) lak — ak—1l,
k=0 k=1
Thus for the constant sequence a = 1, Zalcwasser proved the following
LN

? § 2imk®x
_1

2 | k=0

dx > CV/N (E[|aP) "2, (1)

for some C > 0. Our first result is an extension of (1)

Theorem (Jaming, Kellay & Saba)

For every € > 0 there exists a constant C. such that if a = (ax)k=o,...n IS
a sequence of complex numbers, then

1

2
1
2

2+e

dx > CV/N (E””) ElP)E @

N

s 2
§ ake2l7rk X

k=0

4
imid =
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First Results in Real Frequencies Setting

Theorem (Hudson & Leckband 1992)

For A\g < A1 < ... < Ay real numbers and ay, ... ,ay complex numbers,
1 [T/2

lim —
T—+oo T /_7-/2

Later, Nazarov showed that such a result holds as soon as T > 1:

N

§ akeZIﬂ')\kt

k=0

1 - a
dt > — K

Theorem (Nazarov 1996)

For T > 1, there exists a constant Ct such that, for 0 < Ag < --- < Ay

real numbers verifying |A\x — X¢| > |k — £| and a, . .., an complex
numbers,
[ S aeme] ez oy ®)
agé = L7 0
—T/2 k=0 = L
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Theorem (Jaming, Kellay & Saba 2023/2024)

Let \g < A1 < --- < Ay be distinct real numbers and ag, ..., an be
complex numbers. Then

1 T/2
lim —
T—LTOO T / T/2

Q@ If further ag, ...,

@ we have

E ay e2l7r)\kt

k=0

1 [T/2
lim —

dt>—| N+1
T—4oo T —T/2 n( + )

2 ay e2l7l')\kt

k=0

@ Assume further that for k =0,...,N —1, Aky1 — Ax > 1, then, for

every T > 1, there exists a constant C(T) such that, for every
ag,...,ay € C,

1 T/2
7)o

dt > C(T

E akeZIﬂ')\kt

k=0
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1 /T/2 Z 20\ &
= ae® ™Mt dt > C(T
T J-rri= =
Moreover,
1
for T > 72 k
Q for 72 we can take C(T) = 1

Q@ forl< T <2 C(T)=0((T-1)¥72).

@ For2 < T <72, (10) follows from the case (b) with T = 2.
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[?-setting

Theorem (Ingham 1936)

1
Letv>0and T > —. Then there exist 0 < Ay(T,v) < By(T,~

7
that
— for every sequence of real numbers A = {\}kez such that
Akl — Ak =5

— for every sequence (ak)kez € ¢*(Z,C),

1 T/2
7—7 ,Y)Z |3k|2 < 7‘/ ZakeQMr)\kt

k€EZ keZ

t < Bz(T,’y

) such

)Y lawl?

k€EZ
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[?-setting

Theorem (Kahane 1962)

Let A = {A\(}kez such that N1 — Ay — +00 when k — +o0o. Then, for
every T > 0, there exist constants 0 < Ax(T,A\) < By(T,N) such that

1 .
A2(T,/\)Z |ak|2 § ?/ Zake2l7r)\kt

keZ —T/2 |kez

2

dt < B2(Ta/\)2|3k\2
keZ

T/2

holds for every sequence (ax)kez € ¢*(Z,C).

A
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['-analogue of Kahane's Theorem

Theorem (Jaming, Kellay, Saba & Wang 2024)

Let N = (\k)kez be an increasing sequence with \gy1 — Ak — +00 when
k — £o00. Then, for every T > 0, there exists a constant A;(T,\) > 0
such that, if (ax)ken C C is a sequence of complex numbers, and N > 1,

th
A(T,N) < 7/ axe® ™| dt.
oLtk T el
If further Z | ] converges, then there also exists a constant

kez 1
A1(T,N) such that, for every (ax)kez C C and every N > 1,

E ake217r/\kt

k=

T/2

=W/ pooey —T/2
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© Validity of Nazarov's theorem in the case T = 1;

@ Generalization to sets with multidimensional structure;
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